General covariant Horava-Lifshitz gravity without projectability condition and its 
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We consider an extended theory of Horava-Lifshitz gravity with the detailed balance condition 
softly breaking, but without the projectability condition. With the former, the number of inde- 
pendent coupling constants is significantly reduced. With the latter and by extending the original 
foliation-preserving diffeomorphism symmetry Diff(M, J^) to include a local (7(1) symmetry, the 
spin-0 gravitons are eliminated. Thus, all the problems related to them disappear, including the in- 
stability, strong coupling, and different speeds in the gravitational sector. When the theory couples 
to a scalar field, we find that the scalar field is not only stable in both the ultraviolet (UV) and 
infrared (IR), but also free of the strong coupling problem, because of the presence of high-order 
spatial derivative terms of the scalar field. Furthermore, applying the theory to cosmology, we find 
that due to the additional (7(1) symmetry, the Friedmann-Robertson- Walker (FRW) universe is 
necessarily flat. We also investigate the scalar, vector, and tensor perturbations of the flat FRW 
universe, and derive the general linearized field equations for each kind of the perturbations. 

PACS numbers: 04.60.-m; 98.80.Cq; 98.80.-k; 98.80.Bp 



I. INTRODUCTION 



fi: 

>: 

o- 

^ ■ 

in: 



X: 



Recently, Horava formulated a theory ol quantum 
gravity, whose scahng at short distances exhibits a strong 
anisotropy between space and time 



t h-H. 



(1.1) 



In order for the theory to be power-counting renormal- 
izable, in (3 -I- 1)- dimensions the critical exponent z 
needs to be z > 3 [H (H- The gauge symmetry ol 
the theory now is broken from the general covariance, 
— x^^(^i^x) (^ — 0,1,2,3), down to the foliation- 
preserving diffeomorphisms, DilF(Af, J-), 



i=t-f{t), x'=a;*-C(t,x). 



(1.2) 



Abandoning the Lorentz symmetry gives rise to a prolil- 
eration ol independently coupling constants [5, '4] , which 
could potentially limit the prediction powers ol the the- 
ory. To reduce the number ol these constants, Horava 
imposed two conditions, the projectability and detailed 
balance [ij. The former assumes that the lapse lunction 
N in the Arnowitt-Deser-Misner decompositions [5] is a 
lunction ol t only, 



N = N{t), 



(1.3) 



while the latter assumes that gravitational potential Cv 
can be obtained from a supcrpotential Wg via the rela- 



tions. 



C 



iV,D) 



kl, 



1 sw„ 



V9 



(1.4) 



where Q^^''' denotes the generalized De-Witt metric, de- 



fined as g'J'^' = \{g'^g^^ + g'^o^^^ 



Xg^^g'''', and A is a 



coupling constant. 

However, with the detailed balance condition, the 
Newtonian limit does not exist @, and a scalar field in 
the UV is not stable [Tj. Thus, it is generally believed 
that this condition should be abandoned [8]. But, due to 
several remarkable features @, Borzou, Lin, and Wang 
recently studied it in detail, and found that the scalar 
field can be stabilized, il the detailed balance condition 
is allowed to be softly broken [l(| . With such a breaking, 
all the other related problems found so lar also can be 
resolved. For detail, we refer readers to (l0| . 

On the other hand, with the projectability condition, 
the number of independent coupling constants can be 
significantly reduced. In lact, together with the assump- 
tions ol the parity and time-reflection symmetry, it can 
be reduced from more than 70 to 11 [11] (See also [12]). 
But, the Minkowski spacetime now becomes unstable 
[Hill, [11, although the de Sitter spacetime is [ll,[ll]. 
In addition, such a theory also laces the strong coupling 
problem [ig, [13] ^ ■ It should be noted that both ol these 
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In the literature, the ghost problem was often mentioned [T8l.ll9l|. 
But, by restricting the coupling constant A to the regions A > 1 
or A < 1/3 , this problem is solved (at least in the classical level) 
13, H 13 13- In addtion, when A S (1/3,1), the instability 
problem disappears. Therefore, one of these two problems can 
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two problems are closely related to the existence of a spin- 
graviton [3 [l^j because of the foliation-preserving 
diffeomorphisms (|1.2|) ^ . Another problem related to the 
presence of this spin-0 graviton is the difference of its 
speed from that of the spin-2 graviton. Since they are 
not related by any symmetry, it poses a great challenge 
for any attempt to restore Lorentz symmetry at low en- 
ergies where it has been well tested experimentally. In 
particular, one needs a mechanism to ensure that in those 
energy scales all species of matter and gravity have the 
same effective speed and light cones. 

To overcome these problems, so far three main dif- 
ferent approaches have been taken. The first one is 
to provoke the Vainshtein mechanism, initially found in 
massive gravity [20| . In particular, Mu kohy ama studied 
spherically symmetric static spacetimes [19| , and showed 
that the spin-0 gravitons decouple after nonlinear effects 
are taken into account. Similar considerations in cosmol- 
ogy were given in [U [11] (See also ^6|]), where a fully 
nonlinear analysis of superhorizon cosmological perturba- 
tions was carried out, by adopting the so-called gradient 
expansion method [23| . It was found that the relativistic 
limit of the Horava-Lifshitz (HL) theory is continuous, 
and general relativity (GR) is recovered at least in two 
different cases: (a) when only the "dark matter as an in- 
tegration constant" is present [2l|; and (b) when a scalar 
field and the "dark matter as an integration constant" 
are present [2^ . 

Another very attractive and completely different ap- 
proach is to eliminate the spin-0 gravitons and meanwhile 
fix A to its relativistic value, Xgb. — 1- This was done 
recently by Horava and Melby-Thompson (HMT) 
HMT first noticed that in the linearized theory a U{1) 
symmetry exists only in the case A = 1 Thus, to fix A, 
one may extend the foliation-preserving diffeomorphism 
symmetry (|1.2p to 

U{1) IK Diff(M, J"). (1.5) 

To lift such a symmetry to the full nonlinear theory, HMT 
found that it is necessary to introduce a scalar field - the 
Newtonian prepotential, in addition to the U{1) gauge 
field. Once this was done, HMT showed that the spin-0 
gra viton is eliminated ^24] . This was further confirmed in 
[25|. Then, the instability and strong coupling problems 
of the spin-0 gravitons are out of question. In addition, 
since A was fixed to 1, these problems in the nongravita- 
tional sectors are also resolved, as all of them are related 
to the fact that X ^ 1 

However, da Silva soon found that the introduction of 
the Newtonian prepotential is so strong that actions with 



A 7^ 1 also have the extended symmetry (|1.5p [27| . The 
spin-G gravitons are eliminated even with any given A 
|26l - l28l | , so that the strong coupling problem does not ex- 
ist any longer in the pure gravitational sector. However, 
it still exists when matter is present. Indeed, in |2S | it 
was shown that, for processes with energy higher than 
Auj[= |A— l\^/^Mpi], the theory becomes strong coupling 
[26j . Together with Lin, three of the present authors |29l | 
showed that this problem can be resolved by introducing 
a new energy scale [s^l, so that < A^, where 
A'/^ denotes the suppression energy scale of high-order 
derivative terms of the theory. 

Note that the above two approaches assume the pro- 
jectability condition ()1.3|) . The third approach is to aban- 
don this condition, by including the vector field 

a, = dMN), (1.6) 

into the action ^. Although it also solves the instabil- 
ity and strong coupling problems, the presence of this 
vector field gives rise to a proliferation of indepen- 
dent coupling constants j4t|, as mentioned above. When 
applying the theory to cosmology and astrophysics, this 
potentially limits its predictive powers. In addition, the 
problem of different speeds in the gravitational sector 
still exists, because the spin-0 graviton still exists in this 
setup, and its speed depends on the coupling constants 
A and /3o 0, IH, [sj], while the problem of the spin-2 
graviton is independent of them, where /3o is defined in 
Eq. p.21|) given below. 

Recently, we proposed an extended version of HL grav- 
ity without the projectibility condition (II. 3p but with the 
enlarged symmetry ()1.5|) ,35;], with the purposes: (i) Re- 
duce significantly the number of the independent cou- 
pling constants usually presented in the version of the 
HL theory without the projectability condition, by im- 
posing the detailed balance condition. However, in order 
for the theory to be both UV complete and IR healthy, 
we allowed the detailed balance condition to be broken 
softly by adding all the low dimensional relevant terms, 
(ii) Eliminate the spin-0 gravitons even in the case with- 
out the projectability condition by implementing the en- 
larged symmetry (|1.5|) ^ , so that all the problems related 
to them disappear, including the instability, strong cou- 
pling and different speeds in the pure gravitational sector. 

In this paper, we shall first provide a systematical 
study of this extended version of the HL gravity regard- 
ing to the above mentioned problems in the gravitational 
as well as matter sectors, and then apply it to cosmology. 
In particular, the paper is organized as follows. In Sec II, 



be always avoided by properly choosing A. In this paper, we 
choose A > 1, so the ghost problem does not exist. 
^ Since the foliation-preserving diffeomorphisms I I1.2I I is also as- 
sumed in the version without the projectability condition Q, 
the spin-0 graviton exists there too. 



^ It should be noted that the violation of the projectability con- 
dition often leads to the inconsistency problem I3lj[. However, as 
shown in |32( . this is not the case in the setup of |3- 

* Note that the U{1) symmetry in the case without projectabil- 
ity condition was also considered in the so-called F{R) Horava- 
Lifshitz gravity [ssll . 
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we construct the gravitational potential by imposing the 
detailed balance condition softly breaking. In Sec III, we 
extend the foliation-preserving difFeomorphism symme- 
try of HL gravity to include a local C/(l) symmetry, and 
with this enlarged symmetry, in Sec IV, we show that 
the spin-0 gravitons are indeed eliminated. In Sec V, we 
consider the coupling of the theory with a scalar field, 
and show that the scalar field is stable in both of the UV 
and IR. In addition, the strong coupling problem does 
not exist, because of the presence of the sixth-order spa- 
tial derivative terms of the scalar field, as long as their 
suppressed energy scale M* is lower than the would-be 
strong coupling energy scale A„. In Sec VI we study 
cosmological models, and show that the FRW universe is 
necessarily flat in such a setup, while in Sec VII, we inves- 
tigate the linear scalar, vector and tensor perturbations 
of the flat FRW universe, and present the general lin- 
earized field equations for each kind of the perturbations. 
Finally, in Sec VIII we present our main conclusions. 



II. POTENTIAL WITH DETAILED BALANCE 
CONDITION SOFTLY BREAKING 

To understand the consequence of the breaking of the 
projectability condition (|1.3p . let us start with counting 
the independent terms order by order. We first write the 
metric in the Arnowitt-Descr-Misner form [5] , 



N^c^di^ + {dx' + N'dt) {dx^ + N^dt) 



Under the rescaling (|I.ip with z 
scale, respectively, as. 



(i,j = 1,2,3). (2.1) 

3, A^, and g,. 



(2.2) 



Under the foliation-preserving diffcomorphisms (jl.2p . 
they transform as 

Sgij = ViCj + VjCi + fgij, 

SN, = ATfeV^C'^ + C''VfcAr, + g.fcC'' + iVJ + AT,/, 
6N = C''VkN + Nf + Nf, (2.3) 

where / = df/dt, Vi denotes the covariant derivative 
with respect to the 3- metric gij and Ni = g.ikN*' . 

Assuming that the engineering dimensions of space and 
time are .111. 



we find that 



[dx] = [/c]"\ [dt] 
[dx] 



[k\ 



(2.4) 



[dt] " ''^^ ' ^^^■'J 
[k]\ [ry = [fc], [i?W] = [fc]2. (2.5) 



Then, to each order of [fc], we have the following inde- 
pendent terms that are all scalars under the transfor- 
mations of the foliation-preserving diffcomorphisms (II. 2p 



aiini 



[kf : ATyAT^^ K\ R\ RR,jR'\ R]RiRl, (Vi?)^ 
(V.i?,fe) (V^i?^") , {a^a'fR, (a.a^) {a,a,R'^) 
{a,a')\a'A^a,,{a\)AR,..., 

[a^a^) R, aiajR"-^, Ra\, 



(2.6) 



where W3(r) denotes the gravitational Chern-Simons 
term, 70 is a dimensionless constant, e*^''' = 
e'^VVs, (e''' - 1), A = 5*^V,V,, and 

ani2...i„ = ViiVi2...Vi„ In(Ar), 
cj3(r) = Tr^FAdr-f -FAFAF 

— "y=' jl ^j^ km "T 2 ^ il^ jm^ kn 







[kf: 


^3(r), 


[kf: 




[kY: 


None, 


[kf: 


70, 



(2.7) 



In writing Eq. (j2.6l) , we had not written down all the sixth 
order terms, as they are numerous 0, Then, the gen- 
eral action of the gravitational part will be given by 



(2.8) 



Sg^C dtd^xN^i Ck-Cv). 



where the kinetic part Ck is the linear combination of 
the first two sixth order derivative terms. 



Ck = gr [K^jK'' 



(2.9) 



Note that the coupling constant gx can be absorbed into 
C^. So, without loss of generality, we can set it to one, 
gx — ^- The potential part Cy is the linear combination 
of all the other terms of Ea. (|2.6p . which are more than 
70 terms, and could potentially weaken the prediction 
powers of the theory. 

In the following, we look for conditions to reduce the 
number of the independent terms. First, since those with 
odd number of derivatives violate the spatial parity and 
time-reversal symmetry, they can be easily eliminated by 
imposing the parity conservation and time-reversal sym- 
metry. To reduce the number of the sixth order deriva- 
tive terms, following Horava we impose the "generalized" 
detailed balance condition, 



iV,D) 



C 



(V.D) 



9tj 



(2.10) 
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where is defined by the superpotential Wa, 

1 SWa 



A' 



^ Sai 



with 



/n=\ 



(2.11) 



(2.12) 



where b„ are arbitrary constants. Note that the term 
of a^A^/^a* in principle can be included into Wa, which 
will give rise to fractional calculus, a branch of mathe- 
matics that has been well developed [s^l- But this gives 
rise to fifth order derivative terms, and we shall discard 
these terms. Inserting Ea. (j2.1ip into Ea. (j2.10p . we find 
that its second term is involved only with a^, and the 
corresponding action takes the form. 



where 



m = hi 



(2.13) 



(2.14) 



The superpotential Wg appearing in Ea. (|1.4p is given 

by 

Wg^ j^(^^uj^{T)+ii{R~2Kw)y (2.15) 

where uJ^iT) is defined in Eq. (|2.7p . and R (Rij) is the 
Ricci scalar (tensor) built out of gij. Inserting Eq. (|2.15p 
into Ea. ([L4)) . we find that 



+ ^e^^''RuV,Ri + ^a,C^', (2.16) 



where 7„ are dimensionless constants, given explicitly 
in terms of the five independent coupling constants 



C, w, fi, A^y, and A in 1] 
tensor, defined by 



C,i denotes the Cotton 



1 

4^ 



(2.17) 



Using the Bianchi identities and the definition of the Rie- 
mann tensor, one can show that Cy C"-' can be written 
in terms of the five independent sixth-order derivative 
terms in the form 



C„C*^ = -R^ - -RR,,R'^ 
y 2 2^ 



{W,R,k){^'R' 



k\ 



SR^jRj^R^ 



Irar 



where 



2 8 



(2.18) 



(2.19) 



When integrated, with the projectability condition (11.31) . 
'V kG^ becomes a boundary term and can be discarded. 
However, in the case without this condition, this is no 
longer true, since now we have N — N(t, x) and 



/ dtcfixN^VkC' = - / dtd^xN^G^ak, (2. 



20) 



which in general is not zero. 

As mentioned previously, in order for the theory to 
have a healthy IR limit, the detailed condition needs to 
be broken softly by adding all the lower (than six) di- 
mensional relevant terms presented in Eq. ()2.6p . so that 
finally the potential is given by [35|] 

Cv = 7oC' - {|3oa^a' - 71 i?) + ^ (72 i?' + l^R^JR'') 



+ 



/3i {a^a'f H- /Ss (a' ,;)^ + /^s {aiCi}) a' 



1 



75ajC''^+/38(Aaf 



(2.21) 



where /3s = — ??2C^- AH the coefficients, /3„ and 7„, are 
dimensionless and arbitrary, except for the ones of the 
sixth-order derivative terms, 75 and (3s, which must be 



75 > 0, P8< 0, 



(2.22) 



as can be seen from Eqs. (|2.15p and (|2.14p . To be consis- 
tent with observations in the IR, we must set 



1 



7i = -1, 



167rG" 

where G denotes the Newtonian constant, and 
A^ic^7o, 



(2.23) 



(2.24) 



is the cosmological constant. 

It can be shown that for quadratic action of the scalar 
perturbations in the Minkowski background the sixth- 
order spatial derivative terms of the potential p.2ip are 
absent. As a result, the gravitational sector is still strong 
coupling, and cannot be solved by the mechanism pro- 
posed in [s^l- To solve this problem, one way is to 
eliminate the spin-0 gravitons, as HMT did in the case 
with the projectability condition. In the next section, we 
will show explicitly that this is possible by enlarging the 
Diff(A/, J") symmetry ([Tl]) to the one C/(l) k Diff(M, J") 
(II. 5p . even in the case without the projectability condi- 
tion. 



III. U{1) K Diff(Af, J") SYMMETRY AND FIELD 
EQUATIONS 

In order to eliminate the spin-0 gravitons, let us first 
consider the U{1) gauge transformations [24] . 



and 



Sagij = = SaN, 



(3.1) 



where a denotes the U{1) generator. Under the above 
transformations, the variation of the HL action (|2.8p is 
given by 

SSg ^ J dtcPxyf§{a - N'V,a)R, 

+2(1 - A)C^ J dtd^Xy/gNK{\/^a + a'^Vfea), 

(3.2) 

where = (/,, + f,,)/2, G'^'^ = g^'g^'^ - g'^ g'\ and 
= _ g-'iR/2. In order for the theory to have the 
U{1) symmetry, one can introduce a U{1) gauge field A, 
which transforms as 



6aA = a - N''\/ia. 
Then, by adding the new coupling term 



(3.3) 



= J dtd^x^A{2Ag - R), 



(3.4) 



to 5*3, one finds that its variation (for Ag ~ 0) with re- 
spect to a exactly cancels the first term given in Eq. p.2p . 
To repair the rest, we introduce the Newtonian prcpoten- 
tial (fi, which transforms as 



Sa^ — —a. 



(3.5) 



Then, it can be shown that under Eq. p.ip the variation 
of the term 



3(^,1) = C / dtd^x^Nipg'' 2K,j + a(^^ j)ip 



exactly cancels the second term in Eq. 
term 2AAg in ((O)) . where 



(3.6) 

as well as the 



The third and fourth terms in 
spectively, by 



(3.7) 

can be canceled, re- 



^(^,2) = y J dtd^x^Ng'^'''[6K,,a^kyi)^ 

+4 (ViVj) a(feV;)(p + 5a(jVj)V3a(fcV;)</? 



+2V(i(/?aj)(i.V,)V3 



(3.8) 



5(^,3) = (l-A)C'y"dtd3xV5A^| (a'=Vfc¥> + VV) 



2K + ia^VkV + VV) 



Hence, the action 



Sg — Sg + Sa + S'lp, 



(3.9) 



(3.10) 



is invariant under the U{1) k Diff(M, J^) symmetry ()1.5p . 
where 

3 

= J2Si<p,n)=C^ J dtd^'xN^C^, (3.11) 



with 

= 'pg'^{2K,j+V,V.j^ + a,^jip) 

+ (1 - A) (VV + a»VV)^ + 2(VV + a,V'ip)K 
^ ''4 (VjVj(/3) a(^k^i)Lp + 5 (a(iVj)(p) a(k^i)if 



^ijlk 



+2 (V(.,(/3) aj)(fcV;)V3 + 6Kija(^iWk)(p 



(3.12) 



When coupling to the matter Cm, the total action of 
the theory takes the form 

S = J dtd^x^N Ick-Cv + Ca + C^ 



(3.13) 



Then, the variations of 5 with respect to N and give 
rise to the Hamiltonian and momentum constraints. 



K -r L.y -r ry — — F\ 



(3.14) 



-(1 - A)g*^(vV + afcVV)| = SttG J\ (3.15) 



where 



c 



r = -N'-^, J*. 2^, 



(3.16) 



and Fy , F^ , and F\ are given by Eqs. CO|) - (rOt in Ap- 
pendix A. Note that we have separated Cy into two parts 
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Cy and Cy. Variations of S with respect to (p and A 
yield, respectively, 



2 5 



2 
3 

1 - A 
N 



[iV(vV + afeV'=(^)] 



and 



-V'[iV(vV + afeVV)a^] 

+\I'^{NK) - \7\NKai) \ = SttCJ^, (3.17) 



(3.18) 



R-2Kg^ SttGJa, 



The expressions of i^g, .F" and Ff can be found in Ap- 
pendix (|X4| - (|X6)) . and 



Is 



15 3 1 

70,71,72,73, 275,-275,375, ^75, 75, 2^5 j , 



= (2,0,-2,-2,-4,-4,-4,-4,-4,-4), 
m, = (0,-2,-2,-2,-2,-2,-2,-2,-4), 

f^s = (^2,l,l,2,mi-A,2-2A^ . (3.24) 

In addition, the matter components (J*, J^,Jip,JA, t'-*) 
satisfy the conservation laws of energy and momentum. 



V9N 



0, (3.25) 



1 



—VHNnk) 



-^V,J^ - ^(V.A^fc - VfeTVO + J^Vkip = 0. (3.26) 



where 



.,, = J4iL, J, = ,'A^. ,3.19) 



SA 



On the other hand, the variation of S with respect to gij 
yields the dynamical equations. 



1 d 



N 



where 



{AR'^ + g'^V^A - V A) = STrGr*^' , (3.20) 



2 (5(VgiV/:M) 



VaN Sgij 

1 S{-^NC^) 
VaN 5g^j 

= ^7.C(i^s)^^ 

5=0 

1 S{-^NC-y) 



(3.21) 



J2Psr'iF!T', (3.22) 



s=0 

^ 1 Sj^NC^) 
V9N ^ 



(3.23) 



IV. ELIMINATION OF SPIN-0 GRAVITONS 

In this section, we show that the spin-0 gravitons are 
indeed eliminated for the theory described by the action 
(I3.10p . To this goal, we consider the scalar perturbations 
of the Minkowski background. 



TV = 1 + 0, N,^ d,B, 
g^j = (1-2?/^)% +2i;,y, 
A = 5 A, Lp = 5^p. 



(4.1) 



Using the gauge freedom, without loss of generality, one 
can choose the gauge 



E^Q, ^ = 0. 



(4.2) 



Then, after simple but tedious calculations, to second 
order we find that 

= / dt(fx{{\-i\){'iip'^ + 2ii)d^B) 



+[l-\){d''Bf 



-2(V'-20 + 2A + aiV^a^)5^V^ (4.3) 



where 



ai 



872 + 373 



P = 1 



/3v .2 



(4.4) 
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Here a is the scale factor of the FRW universe, which 
is one for the Minkowski background. Variations of S"*^^-* 
with respect to A, -0, B, and (f) yield, respectively, 

= 0, (4.5) 



where 



3(1 -3A) 
(A - 1)525 = (1 -3A)V^, 
90 = 2p?/). 



(4.6) 

(4.7) 
(4.8) 

Equation. (|4.5p clearly shows that is not propagating, 
and, with proper boundary conditions, we can always set 
■0 = 0. Similarly, Eqs.dtj]), dMjand gH) show that 
B, A, and are also not propagating and can be set 
to zero by proper boundary conditions. Therefore, we 
finally obtain 



i! = B 



0. 



(4.9) 



Thus, the scalar perturbations indeed vanish identically 
in the Minkowski background and, as a result, the spin-0 
gravitons are eliminated. Then, all the problems related 
to the spin-0 gravitons disappear, including the ghost, 
instability, and strong coupling problems [iSl [l9| . 



V. STABILITY AND STRONG COUPLING OF 
SCALAR FIELD 

Since the spin-0 gravitons are eliminated, problems re- 
lated to them, such as the ghost, instability, and strong 
coupling, in the gravitational sector do not exist. But, 
the self-interaction of matter fields and the interaction 
between a matter and a gravitational field can still lead 
to strong coupling, as shown in [29] for the theory with 
the project ability condition. In the following, we shall 
show that this is also the case here. However, it can be 
solved by the BPS mechanism (soj . by simply introducing 
a new energy scale M,, that suppresses the sixth-order 
spatial derivative terms. Let us first consider the stability 
of a scalar field in the Minkowski background. 



A. Stability of scalar field 



For a scalar field x with the detailed balance conditions 
softly breaking, it is described by [13, HI] 

Cm - 4^^^)+4°\ 
4'"'''^ - ^[ci(x)Ax + C2(x)(Vx)'] 
+ |[(VV)(Vfex)]' 

-^(x-A^'V.x)(VV)(V.x), (5.1) 



(x-^'v,x)'-v, 



(5.2) 



A = 



v{x) + Q + ^i(x) j (Vx)' + V2{x)V! 

+V3ix)V! + Vi{x)V2 + V^{x){Vx?V2 
+VeViV2, (5.3) 



-(^ + iV'V,(/p + iiV(V,^)(VV), 



and 



Vn ^ A"X, 



-4: 



(5.4) 



(5.5) 



where (T3 is a constant. The coefficient / in (|5.ip is a func- 
tion of A only. Then, it can be shown that the Minkowski 
spacetime {N,N'',gij) — {1,0, Sij) is a solution of the 
above theory, provided that 



A = (^ = 0,x = Xo, nxo) = = r(xo), 



(5.6) 



where xo is a constant. Without loss of generality, we set 
it to zero. Considering the perturbations (|4.ip . together 
with the one of the scalar field x = ^X^ we find that to 
second order the total action is given by 

5(2) = / dtrf^x|(l-3A)(3V? + 2V3925) 



+ (l-A)(a2i3)2-(^05+^aV)9'' 
-2{^ - 20 + 2/1 + ai^d^)d'^^ 



1 



/ ■ 2 -i T ^" 2 

2% -2^^ X 



ciAd^X 



-i^+vi){dxr~v2{d\Y 



-Vixd\ + cTld\d\ 



(5.7) 



Variations of this action with respect to A, -0, B, 0, and 
X yield, respectively. 



^ 3 3(1 -3A) 



(5., 



3(1 -3A)--' ^'-'^ 
(A- 1)9^5 = (1 -3A)0', (5.10) 
g0 = 2pV', (5.11) 
fx + V"x - (1 + W,)d\ + 2(^2 + Vi)d\ 

= 2ald^X + cid'^A. (5.12) 

From the above field equations, one can get a master 
equation for the scalar field X: which in momentum space 
can be written in the form 



Xk +(^lxk = 0, 



(5.13) 
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where 



2 



V" + k'{l + 2V,-^ 



(2v, + 2v: + 4,^ 



4(2 Ml 



2 7.6 



.2 2 1 



A2 1.2] 1.2 



(5.14) 



Mi 



with 



Ai 
A3 
Ml 



p2 



/?2+/34,.2 

^A: ^2 = — 



^2 -A^i' - ^: 



^^M2 



2 872 + 373 



/?2 [2t:GcI 



+ V2 + vi) 



^ «2 = ^ / 



1- A 

3A- r 



(5.15) 



In the IR, we have k <s: M^ = Mm.{MA, Mb). Then, we 
find that 



where 



2/32 
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(5.20) 



As a consistency check, one can show that the variation 
of the action (I5.19P with respect to x yields the master 
equation (|5.13p . In addition, when A satisfies the condi- 
tion (I2.16p . the above expression shows clearly that the 
scalar field is ghost free for / > and stable in all energy 
scales. 

To study the strong coupling problem, let us first note 
that the corresponding cubic action is given by, 

+ff3x' ($-l)x + 53Xx' 



-54 I -^X ) ( 92^ ) ^4"9" ^ ' ^ 



+56X^ + giX^d'^x + ffsx'a^X + 59X'9^X 



2/32m2 



/ + 



>o, 



where 



m2 = —V" 



(5.16) 



(5.17) 



denotes the mass of the scalar field. Thus, it is stable for 
/ > 0. In the UV, we have fc2 > Ma, Mb, and then we 
find that 



/ + 



3 — > 0, 



(5.18) 



for / > 0. Therefore, in this regime the scalar field is also 
stabilized. In fact, it can be made stable in all the energy 
scales by properly choosing the coupling coefficients Vn, 
as can be seen from Ea. (|5.14p . 



B. Strong coupling of scalar field 

To study the strong coupling problem, using Eqs. (|5.8p - 
(I5.12p . we can integrate out tp, B, (j), and A, so 5^2) 
finally takes the form 



5(2) = /32 / dtd?x 



•2 ^'a^2 22 Xo4 



, A 06 , n2 / P X 
+ ^5°x + 7XO ' 



(5.19) 



+...|, (5.21) 

where represents the fourth- and sixth-order deriva- 
tive terms, which are irrelevant to the strong coupling 
problem. It also contains terms like 

4>x', <l>x', <l^xd\, i>xd\, c^xd\, x'520, 
X'd'^cj,, x'5V, cj,'d\, 4Pd\, ed\, 0x9^0 

0X5^0, 0X5^0, 02920, 02^4^^ ^2q^^ 

(5.22) 

Since these terms are also independent of A, they are 
irrelevant to the strong coupling problem, too. The co- 
efficients Qs are defined as 



1 



51 



53 



55 



52 



lev, I 



5cf C1C2 



32C'* 4(2 



3/ci 



'32C4|cv,|2' 0., > 54 



8(2 ' 

(? C\ f 



_ Yl + '^l'^2 Ci ^ CiVi 

~ 2 8(2 16(2 8(2 ' 

58 = ^1(72, 73, Cl) + -61(^2, V4), 

99 = Ml5,Ci) + B2{V3,V5,V6), 



64(4|cv,|4' 

3ci 
8(2 



3ci.. V 

9(i = - 



(5.23) 



where = {A-kGciY A^. Depending on the energy scales, 
each of these terms will have different scalings. Thus, in 
the following we consider them separately. 
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1. \V\ < M. 



where 



When |V| < M*, where = Mm. {Ma, Mb) , we find 
that 



/3o, p=il, (f>^—ip. 

Po 



Then, Ea. ([5TTO| reduces to 

s^^^^p^ J dtd^x[x^-a{dxY 

where 



a = ao + 



(5.24) 



(5.25) 



(5.26) 



Note that in writing the above expression, without loss of 
generality, we had assumed that |V| ^ m^. By setting 

t = x'^b2x\ x = hzi, (5.27) 

Eq. ()5.25p can be brought into the "canonical" form. 



dtiTx 



(5.28) 



in which the coefficient of each term is order of 1, for 

1 



(5.29) 



where %* = dx/dt. Note that the requirement that the 
coefficient of each term be order of 1 is important in order 
to obtain a correct coupling strength d, [H, [2^ . 

When |V| ^ Af*, the third-order action (|5.2ip can be 
expressed as 



j dtd^xl gi (^-^X^ xd^X + 92 (^^X^ X,^X'' 



+hxx +34 



IF' 



Q2' 



X djX 



+95XX" \-^x]+ 96X + 97X d'x + 9sX d X 



+99x'd\ 



where gs are given by Ea. (|5.23p . and 



(5.30) 



93 



9i 



95 



4 ifci 



3+A 



Pa) 64C4|c^|4' 
2\ 4 , ci/ 



/3oy 64C4|c^|4 4C2|c^|2- 
Inserting Eq. (|5?27|) into Eq. ([O0l) . we obtain 



1 



(5.31) 



(5.32) 



did3^<i <?i ( j^r* ] xd^X 



+92 { -^r* ) ddd'x + 



+.94 (9.x) I 



+9.hlx? + '-^fd'x 

+'Sx'd^x+'-^x'd^x 



(5.33) 



On the other hand, from Eq. (|5.28p one finds that S'^'^^ 
is invariant under the rescaling. 



t b-^t, x' b 



X 



bx- 



(5.34) 



Then, it can be shown that the terms of 51^2 5 and 37 

in S''^3) all scale as b, while the terms of 55,8.9 scale as 
b~^, b^, b^, respectively. Therefore, except for the ge 
term, all the others are irrelevant and nonrenormalizable 
[3^. For example, considering a process with an energy 
E, then we find that the fourth term has the contribution 



Jdid^x{B.x) (|; 



E. 



(5.35) 



Since the action S''^' is dimensionless, we must have 



did^x ( diX 
E 



;q2^\ 



A 



(4) ' 

sc 



(5.36) 



where A^^l has the same dimension of E^ and is given by 



A 



(4) _ &l/^3/?0 



; 3/4 



sc 



54 



(5.37) 



Similarly, one can find A^^ for all the other nonrenor- 
malizable terms. But, when A — > 1 (or — )• 0), the 

lowest one of the A^'^'s is given by A^^l, so we have 



Ai = 



6i/33/3o'^' 

54 



(5.38) 



above which the nonrenormalizable 54 term becomes 
larger than unity, and the process runs into the strong 
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(b) 



FIG. 1: The energy scales: (a) < M,; and (b) A„ > Af* 



coupling regime. Back to the physical coordinates t and 
X, the corresponding energy and momentum scales are 
given, respectively, by 



A. 



A, 



A, 



Afe = ^ ~ Oil) ( ^ 

Cl 



3/2 



1/2 



Mp,|cv,|^^'. (5.39) 



In particular, for ci ~ Ci '^e find that Ai^ ~ AIpi \c^f^^, 
which is precisely the result obtained in 

It should be noted that the above conclusion is true 
only for M« > A^, that is. 



c 



3/2 



(5.40) 



as shown by Fig. [IJa). 

When Af, < A^, the above analysis holds only for the 
processes with E <C Af* [Region I in FiglTfb)]. However, 
when E > Af, and before the strong coupling energy 
scale Auj reaches [cf. FigHfb)], the high-order derivative 
terms of Ma and Mb in Eg. (15. 191) cannot be neglected 
any more, and one has to take these terms into account. 
It is exactly because the presence of these terms that the 
strong coupling problem is cured [30[ . In the following, 
we show that this is also the case here. 



2. M. < A^, Ma < Mb 

When Ma < Mb, we have M^, = Ma- In this case, we 
find that 



A: 



3 g2 



Ml 



2As 



'ip. (5.41) 



For the processes with E > Ma, Ea. (j5.19p reduces to 

^(2) = P'J dtd^x^x'-^xd'x), (5.42) 
7A2 



Ma 



Mr 



(5.43) 



and the coefficients 53, g^, and now are defined as 



53 



2A.. 



3/ci 



Ai ; 32C4|c^|2 8(2 ' 



( 2A3 

54 = 3 - — 



55 



Ai ; 64C4|c^|4^ 
2A3 



„3 



Cl/ 



Ai ; 64C4|cv,|4 4C2|c^|2- 
Note that to have fiA real, we must assume that 

l-^>0. 
A3 



(5.44) 



(5.45) 



To study the strong coupling problem, we shall follow 
what we did in the last case, by first writing S^^) in its 
canonical form, 

S'(2) ^ f didPx (x*^ - Xd'^x) , (5.46) 



through the transformations (|5.27p . It can be shown that 
now 62 and 63 are given by 




3/4 
Ma 



for which the cubic action S*'^' takes the form 

5(3) 



3/4 



(5.47) 



(5.48) 



where S''"^-' is given by Ea. (l5.33p . Because of the nonrel- 
ativistic nature of the action (|5.46p , its scaling becomes 
anisotropic. 



i b-H, x^ h'^x\ X b^^^ 



(5.49) 



Then, we find that the first five terms in Egs. (15.481) and 
()5.33p scale as b^^'^, while the terms of (76,...,9 scale, re- 
spectively, as b~'^/'^, b~^/^, b^l"^ , b^/"^. Thus, except for 
the 56 and g-j terms, all the others are not renormaliz- 
able. It can be also shown that the processes with energy 
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higher than A^'^'' become strong couphng, where aL"*-* is 
given by 



Mpilc^W {Ma < Mb). (5.50) 



Therefore, when the fourth-order derivative terms dom- 
inate, the strong couphng problem still exists. This is 
expected, as power counting teUs us that the theory is 
renormahzable only when z > 3 [cf. Ea. (|l.ll) ]. Indeed, as 
will be shown below, when the sixth-order spatial deriva- 
tive terms dominate, the strong coupling problem does 
not exist. 



3. M* < A„, Ma > Mb 

In this case, we have = Mb, and for processes with 
E>Mb, Eq. (|5?T9l) reduces to 

^(2) ^13^ J dtSx (^^ ~ • (5.51) 

Then, all the terms which contain (f) in (|5.2ip can be 
neglected, and the coefficients 53, 34, and 35 in Eq. (|5.30p 
now become, 



53 



9i 



3/ci 



64C4|cv,|4' 



Clf 



64C4|cv,|4 4C2|cv,p- 
Then, by the transformations (|5.27p with 



M 



Mb 
/3 



(5.52) 



(5.53) 



we obtain. 



5(2) 



did'x{x*'~xd'x), (5.54) 



while the cubic action 5'^'^-' becomes, 
5-0) = ^^(3)^ 



(5.55) 



Equation (j5.54p is invariant under the rescaling, 

i ^ b~H, -> b~'^x\ X -> X- (5.56) 

Then, it can be shown that the first five terms in 
Eas. (|5.55p and (|5.33p are scaling- invariant, and so the 
last term. The terms of 56,7,8, on the other hand, scale, 
respectively, as b~^, b~'^. Therefore, the first five 

terms as well as the last one now all become strictly renor- 
mahzable, while the 567 97 and gs terms become super- 
renormalizable '39'] . To have these strictly renormahzable 



terms be weakly coupling, we require their coefficients be 
less than unity. 



M, 



-^9n < 1, ("- = 1,...,5,9). 



(5.57) 



For g ^ 1 (or |c^| ~ 0), we find that the above condition 
holds for 

2 

< -Mpi \c^\. 

It can be shown that this condition holds identically, pro- 
vided that < A^, that is. 



c 



3/2 



< ( J ) Mpi \c^\ 



5/2 



(5.58) 



[Recall A„ is given by Eq. ((09)) and Af* = Mb-] One 
can take ci ~ Mpi, but now a more reasonable choice is 
ci ~ Af*. Then, the condition (|5.58p becomes 



Af, <A^p^|c^|^/^ (ci = Af,), 



(5.59) 



which is much less restricted than the one of Ci ~ Mpi. 
In addition, in order to have the sixth-order derivative 
terms dominate, we must also require 



Ma > Af, 



(5.60) 



Therefore, it is concluded that, provided that conditions 
i5. 58\) and L5. 60\) hold, the extended version of the HL 
gravity with the detailed balance condition softly breaking 
but without the projectability condition is absent of the 
strong coupling problem. 



VI. COSMOLOGICAL MODELS AND THE 
FLATNESS PROBLEM 

One of the main motivations of inflation was to solve 
the horizon and flatness problems, encountered in the 
standard Big Bang model ^43]. In the HL theory, the 
anisotropic scaling (jl.ip provides a solution to the hori- 
zon problem and generation of scale-invariant perturba- 
tions even without inflation [4l|. Clearly, these state- 
ments are also true in our current setup developed above. 
In this section, we shall show that the homogeneous and 
isotropic universe is also necessarily flat, when the en- 
larged svmmetrv (|1.5I) is introduced. This was first noted 
for a scalar field [26[ . Here we argue that it is true for all 
the viable cosmological models. To this purpose, let us 
consider the general FRW universe. 



ds — a {—dri + -fijdx^dx-'), 
Si 



where 



(l + fcr2/4)2' 



(6.1) 



(6.2) 
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Then, we have 



1 

2 \ 1 



Ri 



2kj, 



(6.3) 



where H = a' /a. We use symbols with hats to denote 
quantities of the background in the conformal coordi- 
nates (|6.ip . foUowing the conventions given in [lol. l26l . l29l |. 
Using the U{1) gauge freedom of Eas. p.3p and p.Sp . we 
can always set one of A and if to zero. In this paper, we 
choose the gauge 



0iv) - 0. 



(6.4) 



Then, we find that 



Ck 


= (1- 




Cv 


= 2A- 


6fc 372 + 73 12A:2 






= (1- 


3A)^5'^ 


Ca 


A 
a 




r 


= F^ 


= F^- = F"- = 


F ■ 


- -a' 


r k 2fc2 372 + 

[ a2 ^4 



73 



It J. 



(6.5) 



Because of the spatial homogeneity, both Ck and Cy are 
independent of the spatial coordinates, and the matter 
sector takes the forms, 



J* = -2p, r = 0, f,. 



PQij, 



(6.6) 



where p and p denote the total energy density and pres- 
sure, respectively. Then the Hamilton constraint p.l4p 
reduces to the super-Hamiltonian constraint Ck + Cy — 
SttGJ* ^, which leads to the modified Friedmann Equa- 
tion, 



3A- l-H^ 



SttG, 



-P 



A 372 + 
3 



73 2fc2 



(6.7) 



It can be shown that the supermomentum constraint 
(I3.15P is satisfied identically, while Ea. p.l7p and 
Eg. (13. 181) give, respectively. 



n 

a 



SttG 



J in. 



An 



3 

AttGJa 



(6.8) 
(6.9) 



^ Since now the Hamiltonian constraint is local, one cannot include 
a "dark matter component as an integration constant," as in the 
case with the projectability condition |41| . 



The dynamical equation (I3.20p . on the other hand, re- 
duces to 

i^(2H' + H^)+ai(A_A^ 
-a^lA-^-'-^'-:^y8nGpa\ (6.10) 



The conservation law of momentum p.26p is satisfied 
identically, while the one of energy (|3.25l) reduces to. 



It is remarkable to note that when 

Ja — J:p = 0, 



(6.11) 
(6.12) 



Eas. (|6.8p and (|6.9p show that the universe is necessarily 
flat. 



fc = = Ao 



(6.13) 



As first noted in 120], this is true for the universe domi- 
nated by a single scalar field. 

In general, the coupling of the gauge field A and the 
Newtonian prepotential (/? to a matter field ipn is given 
by [13, 



dtd^Xy/gZ{ijn,gtj,Vk)iA-A), 



(6.14) 



where A is defined in Eq. ()5.4p . and Z is the most gen- 
eral scalar operator under the full symmetry of Eq. (|1.5l) . 
with its dimension [Z] — 2. For a single scalar field, 
Z{x,9ij,'^k) is given by Z{x,gij,Vk) = ci Ax-l-C2(Vx)^ 
as one can see from Eq. (|5.ip . In the multi-scalar field 
case, Z takes the form 

n 



J2 C(.,,)(Vx«)(Vx(^')), (6.15) 



for which we have Ja — — J<p with the gauge 
Thus, in the case of multi-scalar fields, the universe is 
necessarily flat, too. 

For a vector field {Ao,Ai), we have [Aq] — 2, [Ai] — 
[Ulil. Then, we find 



Z{Ao,A,,g,,,Vk)^JCB,B\ (6.16) 
where K, is an arbitrary function of A^Ai, and 



Bt 



le. 



jk 



2 V5 



3.17) 



with Tij — djAi — diAj. This can be easily generalized 
to several vector fields, (Aq"-* , A^""*), for which we have 

Z{A„,A,g,j,Wk) = ^/C„,„Bf"'B(")\ (6.18) 



13 



where /Cmn is an arbitrary function of A^'^^M,!'-' . Then, in 
the FRW background, we have J a — 0, because B 



(m) _ 







[43|. With the gauge choice (|6.4p . it is easy to show that 
Jtp — 0, too. Therefore, an early universe dominated by 
vector fields is also necessarily flat. This can be further 
generalized to the case of Yang-Mills fields [i^ • 

For fermions, on the other hand, their dimensions are 
[V'n] = 3/2 (45} . Then, Z gr^, V/j) cannot be a func- 
tional of ipn- Therefore, in this case J a and J^p vanish 
identically. 

In review of the above, it is not difficult to argue that, 
with the special form of the coupling given by Eq. ()6.14p , 
the universe is necessarily flat for all the cosmologically 
viable models in the current setup. 

Similar conclusion is also obtained in the case with the 
projectability condition [4^. Therefore, in the rest of 
this paper, we shall consider only the flat FRW universe. 



VII. COSMOLOGICAL PERTURBATIONS 

In this section, we consider the linear perturbations in 
a flat FRW universe. Let us first write the linear pertur- 
bations in the form [l3, S El 

SN = act), SN, = a'^id^B - S^), 

A = A + 6A, ip = if + Sip, (7.1) 

with (f = 0, as one can see from Eq. (|6.4p . and 

d'S^ = d'F, = H\ = 0, d'H,^ ^ 0. (7.2) 

In the following, we shall consider the scalar, vector and 
tensor perturbations separately. 



constraint p.lSp . the Hamiltonian constraint (I3.14[) . the 
trace and traceless parts of dynamical equation (I3.20p are 
given, respectively, by 



2Hi'iJj 



+ {1- X){d^B + 3tP' + 3'H(I)) 



(7.10) 
(7.11) 

(3A - 1)(V/ + <pn) + (A - l)d^B = SnGaq, (7.12) 
3A- 1 



n (3V' + 30-H + d^B) 



1, 



pd'^ijj + ^9520 = -AnGa^Sn, 



(7.13) 

ip" + 2-HV/ + H4'' + {2H' + H^) (/) 

A - 1 „T / . „o , , - SA\ 




3A- 1 
B' + 2HB - V 



where 



— 

n,<ij> = 



All; - SA 



-SnGa^n, 



(7.14) 



(7.15) 



2 a'^ 



[{5V - 2piP)6i_ 



n 



,<tj>i ' 



(7.16) 



In the above equations, ai, p and 5 are defined by 
Eq.(|33). The conservation laws and to first 

order now read. 



A. Scalar Perturbations 

For the scalar perturbations </>, B, E, we choose 
the quasilongitudinal gauge [l4| . 



E = S(p = 0. 
Then, to first order we find that 



V9 

5R^J 

6R 
SK 



(1 - 3tlj)a^ 



2%IjR 



-{3(j)n + d^B + 3^'). 
a 



d.djB 



(7.3) 

(7.4) 
(7.5) 
(7.6) 

(7.7) 

(7.8) 

(7.9) 



Other useful quantities are given in Appendix B. Thus, 
the field equations Ea. p.l7p . Eq. (|3.18|) . the momentum 



d^xj V + 3H((5m + SV) - 3(/5 + p)?/-' 

sAjaiJ/ ~ A{sj'a + 3ns Ja) 



1 r 

^ 2^ 

+ (j)Aj^ - J^SAj = 0, 
(v + B)' + {l~3cl){v + B) + 

+ -r^ (sV + 

P+P\ 3 



2a A [l + ci 



Mp + p) 



(7.17) 

JaSA 
(7.18) 



where q = ~a{p + p){v + B) [Tj|, and denotes the 
adiabatic speed of sound, defined as 



(7.19) 



It is always useful to compare the above set of field 
equations with those given in GR. First, because of the 
presence of the gauge field A and the Newtonian prepo- 
tential ip, here we have two extra equations, Eas. (|7.10p 
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and (|7.1ip . which are absent in GR. As shown in Sec. 
IV, it is exactly Ea. (|7.1ip in the vacuum that ehmi- 
nates the spin-0 gravitons. The momentum constraint 
(fTT^ reduces to that of GR given by Eq.(8.17) in [13 
where A = 1. Considering the gauge choice of Eq. (|7.3p . 
the Hamiltonian constraint ()7.13p reduces to Eq.(8.16) 
of [131 for A = 1 and Pi = 0, as expected. The same is 
true for the dynamical equations (I7.14|) and (|7.15p and 
the conservation law of momentum (j7.18p , which will re- 
duce, respectively, to Eqs.(8.27), (8.28) and (8.33) given 
in for A = 1, /3, = 72 = 73 = i = = 0. How- 
ever, because of the foliation-preserving diffeomorphisms 
Difr(M, J") ([L2]), the conservation law of energy (ITTf)) 
now takes an integral form. A direct consequence of it is 
that the gauge-invariant curvature perturbations 



c 



P' 



(7.20) 



is not necessarily conserved on large scales even the per- 
turbations are adiabatic [3, H^. In contrast, it was 
shown that ( is conserved on large scales for adiabatic 
perturbations in any theory of relativistic gravity, as long 
as the conservation law of energy holds locally j4gi . Note 
that C defined here should not be confused with that in- 
troduced in the action 



and the dynamical equation p.20p yields, 

(7.26) 



The conservation law of energy (I3.25[) does not give new 
constraint, while the conservation of momentum (I3.26P 
yields. 



4 + mqi = ad^Ui 



(7.27) 



However, this equation is not independent, and can be 
obtained from Eqs. ((7^ and (17^ . 

It is interesting to note that the vector perturbations 
given above are precisely the same as those presented in 
[4g |. in which the projectability condition N = N{t) was 
assumed, but without the additional U(l) symmetry. Al- 
though one would expect some differences, because of the 
presence of the vector field Ui defined by Eq. (|1.6p , a closer 
examination shows it is not, this is simply because is 
made of TV, and perturbations of SN, as well as of SA and 
6(p, have no contributions to the vector perturbations. 



C. Tensor Perturbations 



The cosmological tensor perturbations are given by 



B. Vector Perturbations 

For the vector perturbations, we have 

6N = 0, SN' = ~S\ 
Sgij = 2a^(a(,Fj), 
SA = Sip^O, 



(7.21) 



while the corresponding matter perturbations are given 
by 



SJ" = SJ' = 0, 



Sn, = 2a2(H(,,,) +pF(,,j)), (7.22) 



where 



d,q' = = d,U\ 



(7.23) 



Then, one finds that 



srl^ = d,d,F\ 

SRij = SCk — SCv ~ 0, 
SF,j = -2a2AF(ij). 



(7.24) 



Hence, to linear order, the momentum constraint p.lSp 
gives 



d^{Fl + S^) = 167rGagi 



(7.25) 



Sg,j=a'^Hij, SN' = 0, SN = SA = Sip = 0, (7.28) 

while the corresponding matter perturbations are given 
by 



Snj = a' (Hy + pH,j ) , SJ' = = SJ\ 



where 



H* 



0, dm,j - 0. 



(7.29) 
(7.30) 



Then, one finds that 
SK 



SR^J 

Stt'^ 



SF, = 



J . -J 

1 

~2 
1 



d'^H,j, SR = 0, 



a 



(1 - 3X)HW^ - -H"^ 



'AH,. 



(7.31) 



In this case, all the constraints and equations are satisfied 
identically, except for the dynamical one p.20p . which 
gives, 



H'ij + 27^7/ -J 




-^d'^H,, = le^Ga^Hy . (7.32) 
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When A = 0, it reduces precisely to the one given in [40| 
for the case without the additional U(l) symmetry. 

This completes the general descriptions for the scalar, 
vector, and tensor perturbations in our current setup. 



VIII. CONCLUSIONS 

There are two major variants of Horava-Lifshitz grav- 
ity, which have the potential to solve all the problems 
found so far. One is the HMT generalization (23 |. 
which adopts the projectability condition and introduces 
a gauge filed A and a Newtonian prepotential if to elim- 
inate the spin-0 gravitons. Another setup is due to BPS 
3, who abandoned the projectibility condition and im- 
proved the IR limit of the theory by introducing the vec- 
tor field fli, defined by Eq. (|1.6|) . However, the inclusion 
of tti gives rise to a proliferation of independent coupling 
constants. 

In this paper, we have considered a new generalization 
of Horava-Lifshitz gravity without projectability condi- 
tion but with detailed balance condition softly breaking. 
In order to reduce the number of independent coupling 
constants of the non-projectability Horava-Lifshitz grav- 
ity, in Sect II we have imposed the "generalized" detailed 
balance condition, so that the number of the independent 
coupling constants is dramatically reduced. However, for 
the theory to have a healthy IR limit, we have allowed 
the detailed balance condition to be broken softly, by 
adding all the low dimensional relevant terms. Even with 
those relevant terms, the number of independently cou- 
pling constants is still significantly reduced from more 
than 70 to 15. 

However, it was found that this is not sufficient, be- 
cause the detailed balance condition, even allowed to be 
broken softly, still prevents the existence of the sixth- 
order spatial derivative terms in the gravitational sector. 
As a result, the theory is not power-counting renornializ- 
able and the strong coupling problem cannot be solved. 
To resolve this problem, in Sec HI, we have extended the 
original foliation-preserving diffeomorphism symmetry to 
include a local U{1) symmetry, i.e., U{1) x Diff(M, J^). 
With this enlarged symmetry, in Sec IV, we have shown 
explicitly that the spin-0 gravitons are eliminated, and 
thus all the problems related to them in the gravitational 
sector disappear, including the ghost, instability, strong 
coupling, and different speeds. 

In Sec V, we have considered the coupling of a scalar 
field to the theory, and found that in the Minkowski back- 
ground it is stable in the both IR and UV, and becomes 
strong coupling for processes with energy higher than 
A^^ = (Mp//ci)^/^Afp/|c^|^/^. However, this problem can 
be easily cured by introducing a new energy scale , so 
that < A^j, where denotes the suppression energy 
scale of the sixth order derivative terms of the theory. 

In Sec VI, we have considered cosmological applica- 
tions, and found that the FRW universe is necessarily flat 
in such a setup. In Sec VII, we have studied the scalar. 



vector, and tensor perturbations, and derived the general 
held equations for each kind of these perturbations. For 
the scalar perturbations, we have written the field equa- 
tions closely following those given in GR f?^ , so one can 
see clearly the differences between these two theories. For 
the vector perturbations, they are the same as those given 
in [4^ for the case with the projectability condition (|1.3p 
but with only the foliation-preserving diffeomorphisms 
(II. 2[) . while for the tensor perturbations, the only differ- 
ence is the term proportional to A in Eq. (|7.32p . This 
is simply because that the lapse function N, the gauge 
field A and the Newtonian prepotential (p all transform 
like scalars under the spatial coordinate transformations 
of Eq. (jl.2p . and hence their linear perturbations have 
no contributions to the vector and tensor perturbations 
of both gravitational and matter sectors. 

It would be very interesting to apply those formulas to 
the studies of the early universe as well as to the ones of 
its large-scale structure formation. 
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AppendixA: Fy, F^, F^, F,j, Ftj and i^"^ 



Fy, Ftp and Fx, defined in Eq. (|3.14p . are given by. 



Fv = l3o{2al + a,a')-^ 
C 



P2 

e 

Pi 
e 



Ral + ^\/^NR) 
(Aa^)2 _ lvMA(iVAa.)] 

2 



(A.l) 
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3 



(aiV-,(y9)(afeV;(y5) + V i{akV jifiV If) 



'V k{aiV jipV lip) 
2 



aikVjipViip + —ViVkiNVjipViip) 



N 



(A.2) 



N 



V^iNKV'ip) 



(A.3) 



(F-),, and (F^^)^^., defined in Eq.(|32ID, are 
given, respectively, by 



(Fo)ij - 

{F3)^J = 



(Fry. 



Ri 



-i?.g., + -(g„-V27V-VjV,iV), 



"^SijR + 2RRij 

-^[g.,V2(7Vi?)-V,V,(iVi?)], 



2 -9*. Rmn R 



2RikRj 



2VfeV(,(iVi?^^)) 



(^5). 



-V2(7Vi?,,)-g,,V™V„(A^i?" 



^'^9ijR? + iR?Rij 



{F(,)ij - 



3 

'iV 
1 

"2 

-V2(7Vi?i?,,) + .g,,V„V„(A^i?i?'"") 
-2V„,V(,(i?J)'iVi?)], 
1 



RRm7i R 



^^f^ijRfi Rl Rfn ^RmnRrniR'. 



rij 



3 

"27V 



'W'{NR^,Rf) - 2V„V(,(iVi?,)„i?™") 

1 

2 
1 

'n 



cujRV^R + R^jV^R + RViVjR 
g.jV^iNV^R) - VjV,{NV^R) 



+R,j\/^iNR) + g.,j\/HNR) - V,V,(V2(Ari?)) 



-V(,(7Vii'V,)i?) + -g,jVk{NRV''R) 



iFs)7, 



iF9)^. 



+V,i?™"V,i?,„„ + - [2V„V(,V„,(7VV'"i?^)) 

-2V™(7Vi?z(,V"i?;.)) - 2V„(iVi?,(,V,)i?"') 
+2Vfe(iVi?fV(,i?;.)) , 

--^gijO.kG'' + - Rk{{j'^ i)R + ai^^R-^jk'^^R 

— akRmi^ jR"^^ — a!' Rin^^ Rjk — aiR''"^VmRkj 



-ai^,RW,)R+ -{RWk{Na'')R: 



1 



4A^ 2 



V.iNajVmR + Na„yjR) 



+Vj{Na,V.mR + Na^V^R) 
+V^{Na(^,)R) + g,jV™V"(iVa„,V„i?) 
W^{Nak^JRt + Nak^,nR'|) 

+V,iNakV^Rt + NakVmR-) 
-2V\NakV^,R';)) - 25„-V'"V"(iVafcV(„i?^ 
-V™ [v,Vp(7Vaji?f„ + 7Va,„i?p 

+2V2Vp(7Va(,i?P) 
+25,,V"V"VP(7Va(„i?„)p)l, 



(A.4) 



iFo)ij 

{F2)ij 



gijtt 'ak + aiUj, 



--j^gijiaka') +2{aka')a^aj, 



1 
2 

1 r 

'n 
1 



2V(,(iVaj)afe^)-5„-V'(a,7Va/-) 



(-^3*)^" = -29ij{o.ka^)ai ' + a'^k^iaj + aka^aij 



V^,{Naj)aka'') - -.g^- V'(a/7Vafca'=) 



1 r, 

'n 

^ f^rnn , k 
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5 



N 
1 



V'=(27Va(iaj)fe - Nai^ak) 



-■^gijiaka')R + atajR + a auRij 



1 
1 



gijV^{Naka'') - ViVj{Naka'') 



2N 



-feV'"V"(iVa„a„) 



N 



-V^i{NRa,)) + -gijV\NRak) 
{F^)ij = -^ffi,(Aafe)2 + (Aai)(Aai) + 2Aa'=V(iV,)afc 



1 r, 
'iv 

-a''V(j(A^Aaj)) + gtjNa''''Aai - NuijAa' 



Vfc[a(iV'=(iVAaj-)) + a(iVj-)(ArAa'=) 



-2V(i(iVa,)feAa'^) 



(A.5) 



+5i,V2(iV(^i^) - V^VjiNifK) 
+2V'=V(,(if,)fc(^7V), 

-2(^V(,V'=i?,)fe + - 2Ag)V,V,^ 

-VfcV(i(iV¥'V'=Vj)^) + iv2(iV^V,Vj(^) 
+^V'=V'(iV<^VfeV,¥') 

{F3)ij = -^ftj</5^""amV„^ 

-ip{a(iRj)kV^^p + a^Rk{iVj)^) 



+-{R-2Ag)ipa^iVj)^ 

V(i(V,)V?Ar^) + V(i(a,)<^7VVfc<^) 



2 



+^V''W\N^akVi^)}, 

~ -^dijS"^"'''' ^mna(k^ I) 



+ 



+— V' 
2Ar 



-Nia(^iVj)(p + 2gijNia''VkV 

+a''Kk(iyj)(p + a(iKj)kV^ip 
-Ka(iVj)(p - Kija^WkV, 

-a(^,V''Vj)LpVk(p - akV^V (i^pV j)Lp 

+^^^{NipakVifVjf) 

-2V(i{NVj)^pa!'Vk^p) 

+5yV'(V/(pa'=Vfc(p)|, 



{F7)i3 



-a\^j)^Vkf - ^1 - V(,(^a,-)Vfe^VV) 



+V''(iVa(,Vj)^Vfc(/?) 
+ ^V'=(iVafeV'"^V„^) 



--V'=(iVafcVi(pV,-^) 



{F^)ij 



- 2V(,[iVV,)<p(VV + «fcVV)] 
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1 

"TV 

+ ^3^jV'[iV,(VV + afcVV)] 



V(,[7V,)(VV + afcVV)] 



Appendix B: Some Quantities for Scalar 
Perturbations 



To first order, the {Fs)ij are given by 
1 



(B.l) 



and = (i^5)^j = {Fe)^j = (i^g)^^ = 0. Thus, we 

obtain 

SFij ^ 2Ka^i}5ij +d'^{'il^ - (j))5,j - d.djitl) - (j)) 

-ai[d,d,+5,j)d''i^. (B.2) 

We also find that the only non-vanishing component of 



(A.6) 1 , , 

In addition, we have the following, 



2H 



(B.3) 

(B.4) 
(B.5) 
(B.6) 
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